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a b s t r a c t

Many improvements of the Wallis correlation for the interfacial friction in annular flow have been pro-
posed in the literature. These improvements give in general a better fit to data, however, their physical
basis is not always justified. In this work, we present a physical approach to predict the interfacial
shear-stress, based on the theory on roughness in single-phase turbulent pipe flows. Using measured
interfacial shear-stress data and measured data on roll waves, which provide most of the contribution
to the liquid film roughness, we show that the interfacial shear-stress in vertical annular flow is in very
close agreement with the theory. We show that the sand-grain roughness of the liquid film is not equal to
four times the mean film thickness, as it is assumed in the Wallis correlation. Instead, the sand-grain
roughness is proportional to the wave height, and the proportionality constant can be predicted accu-
rately using the roughness density (or solidity). Furthermore, we show that our annular flow, which is
in similar conditions to others in the literature, is fully rough. Hence, the bulk Reynolds number should
not appear in the prediction of the interfacial friction coefficient, as is often done in the improvements of
the Wallis correlation proposed in the literature.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction by Wallis (1969); it uses an analogy to a simplified form of the fric-
Annular flow is a two-phase flow configuration which often oc-
curs in pipes used for the production and transport of gas. In annu-
lar flow, the liquid (e.g., gas condensates or oil) flows partly as a
thin and wavy film along the wall, and partly as droplets entrained
in the turbulent gas core. To improve the production processes and
the separation of the two phases, it is required to predict accu-
rately the phase distribution in the pipe. This prediction, using
the continuity and force balances on the film and the gas core, re-
quires an estimate of the interfacial shear-stress. Indeed, the drag
on the interface is one of the largest forces in the force balances,
and it promotes the coupling between the wavy film and the tur-
bulent gas core. In this work, we focus on the prediction of the
interfacial shear-stress in vertical annular flow.

It has been observed that the roll waves on the interface have a
large contribution to the interfacial friction (see Wallis, 1969). The
roll waves are large waves which are coherent over long distances
(see, e.g., Azzopardi, 1997), and which are randomly distributed in
space (see Belt, 2007; Belt et al., 2007). Therefore, the film can be
seen as a rigid and rough wall from the perspective of the gas flow.
In the literature, a number of correlations have been proposed for
the interfacial friction which are more or less based on the analogy
with the friction in turbulent pipe flows due to rough walls (Wallis,
1969; Henstock and Hanratty, 1976; Asali et al., 1985; Fore et al.,
2000). The first correlation for the interfacial friction was proposed
ll rights reserved.
tion correlation in fully rough pipes, valid over a small range of
roughness. Over the years, the Wallis correlation has been modi-
fied in order to match the experimental results over a larger range
of film thickness. The modifications consist mostly of: (i) small
changes in the form and in the constants of the Wallis correlation,
and (ii) the inclusion of a Reynolds number dependency. According
to Fore et al. (2000), and Lopes and Dukler (1986), the introduction
of a Reynolds number dependency could be justified by the occur-
rence of transition roughness, instead of full roughness. However,
no physically based justification was given for this suggestion.
Also, it is not clear from their work how transition roughness
should be implemented correctly in the correlation.

In this work, we discuss the modifications of the Wallis correlation
proposed in the literature, and propose an extension which is more
physically based. First, we briefly present the theory on roughness in
turbulent pipe flows, and how this has been applied (with its limita-
tions) to vertical annular flow. Next, we explain how the interfacial
friction is obtained experimentally in vertical annular flow and we
compare our experimental results to existing interfacial friction corre-
lations for vertical annular flow. Finally, we show the limitations of the
existing correlations, and we propose a more physical approach to ob-
tain the interfacial friction, based on our experimental data.
2. Roughness in turbulent pipe flows

Roughness in single-phase turbulent pipe flows has been stud-
ied extensively (see, e.g., Schlichting, 1979; Pope, 2000; or Jimenez,
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2004). From dimensional analysis, it can be shown that in the wall
region dominated by the inertial scales, the mean velocity profile
UðyÞ is logarithmic, similarly to single-phase flow in a pipe with
smooth walls; this can be expressed as:

UþðyÞ ¼ 1
j

ln
y
kS

� �
þ B0 kþS

� �
ð1Þ

where the superscript + denotes the values in wall units (i.e., made
dimensionless with the kinematic viscosity mG and the friction
velocity us ¼ ðs=qGÞ

0:5, where s is the wall shear-stress, and qG

the density), y is the distance from the wall, kS the sand-grain
roughness, which is a typical length scale of the roughness ele-
ments, j the von Karman constant and B0 an additive constant
depending on kþS . We note that, in principle, the logarithmic velocity
profile is only valid in the log-law region, i.e., yþ P 30 and
y=D 6 0:3, with D the pipe diameter. However, in practice, the devi-
ations from the log-law in the central part of the pipe are small.

In general, the additive constant B0 is a function of the ratio be-
tween the viscous scales and the scales of the roughness elements
kS. However, for large roughness scales, the pressure forces on the
roughness elements become dominant over the viscous forces, and,
on dimensional grounds, the additive constant B0 should become a
constant. In practice, B0 becomes equal to 8:5 for kþS P 70—100,
which is denoted as the fully rough regime. The mean velocity pro-
file in Eq. (1) can also be expressed in terms of the log-law for
smooth walls, when including an offset DUþ:

UþðyÞ ¼ 1
j

ln yþð Þ þ B� DUþ ð2Þ

where B is the smooth wall log-law intercept, and DUþ the rough-
ness function, which is a function of the sand-grain roughness kS.
With the log-law for fully rough pipes written in the form of Eq.
(2), we clearly see that DUþ, or equivalently kS, represents the extra
drag due to roughness, when compared to smooth walls. This also
means that the sand-grain roughness kS is a hydrodynamic repre-
sentation of the dimensions of the roughness elements, related to
the drag, and must be related to the size of the roughness elements
before it can be used (see Jimenez, 2004).

Assuming the log-law to be valid in the central part of the pipe,
for the fully rough regime, the friction factor Cf , defined as
Cf ¼ s=ðqGU2

BÞ, with UB being the bulk velocity, can be derived di-
rectly from Eq. (1); it can be expressed as:

Cf ¼
1
8

1:74þ 2:0 log
D

2kS

� �� ��2

ð3Þ

with the constants 1.74 and 2.0 instead of 1.71 and 1.99, respec-
tively, which would result from the derivation. These constants
were proposed by Schlichting (1979) to better match the experi-
mental results, because of the small deviations from the log-law
in the central part of the pipe. From Eq. (3), we clearly see that in
the fully rough regime the friction factor Cf is only a function of
the sand-grain roughness kS.

In the next section, we show how the theory on roughness can
be applied to vertical annular flow.
3. Roughness in vertical annular flow

In vertical annular flow, the interface has a wavy structure.
Mainly two types of waves exist on the interface: (i) ripple waves
of small amplitude, and (ii) large roll waves, which are axially
coherent over long distances and flow with an approximately con-
stant wave velocity CW (see, e.g., Azzopardi, 1997). Furthermore, it
appears that the roll waves are randomly distributed in space (see
Belt, 2007; Belt et al., 2007, submitted for publication). Since the
amplitude of the roll waves is much larger than that of the ripple
waves, the effect of the roll waves on the interaction between
the film and the gas flow is expected to be dominant over that of
the ripple waves. Furthermore, due to the large density ratio be-
tween the two phases (for low-pressure air–water conditions, as
in our laboratory experiments), the inertia of the turbulent fluctu-
ations in the gas does not have a significant effect on the interfacial
structure, which can explain the coherence of the roll waves.

Using these considerations, from the perspective of the gas flow,
the film can be seen as a rigid and rough wall moving with the
velocity �ðUB � UiÞ, where Ui is the velocity of the interface in
the reference frame of the laboratory, and UB is the bulk velocity
of the gas. Since we assume that the roll waves have the largest
contribution to the interfacial friction, the velocity of the interface
can be taken equal to the velocity of the roll waves CW . Therefore,
using the definition of the friction factor ~Cf ;i,

~Cf ;i ¼
si

qGðUB � CW Þ2
; ð4Þ

a priori, the interfacial shear-stress si can be predicted from the
standard correlations of the friction factor for turbulent flow in
rough pipes (e.g., the generalized Churchill, the Colebrook and
White, or Haaland correlations, in the case transition roughness
can play a role). This definition of the interfacial friction factor will
be used below, unless otherwise stated. We note that, in the liter-
ature on annular flow, often a different definition of the interfacial
friction factor is used, in which the velocity of the interface is ne-
glected compared to the bulk velocity UB (and which will be de-
noted here by Cf ;i, without the tilde referring to the wave
velocity, and where Cf ;i ¼ si=ðqGU2

BÞÞ. However, CW should be in-
cluded in the definition of the interfacial friction factor, since: (i)
the shear in the gas phase is clearly related to UB � CW and not
to UB, and (ii) the inertia term in the denominator of Eq. (4) will
be overpredicted by 10–17%, based on our experiments, when
CW is neglected.

For vertical annular flow, Wallis (1969) suggested a correlation
for the interfacial friction factor Cf ;i, with an analogy to full rough-
ness. In this correlation, the interfacial friction factor is a linear
function of the mean film thickness d:

Cf ;i ¼ 0:0025 1þ 300
d
D

� �
ð5Þ

This correlation corresponds to a linear fit of the friction factor for
fully rough pipes (Eq. (3)), assuming that the sand-grain roughness
kS equals four times the mean film thickness d, and the ratio kS=D is
less than approximately 0:03 (see Wallis, 1969).

Although the Wallis correlation is widely used for engineering
purposes, it has been modified over the years to yield a better
match to the experimental values of the interfacial friction factor,
in the limit of both thick and thin films. The corrections consist
mostly of the inclusion into Eq. (5) of: (i) the gas bulk Reynolds
number, and (ii) an offset in the ratio d=D (see, e.g., Asali et al.,
1985; Fore et al., 2000). The appearance of the gas bulk Reynolds
number could be justified, according to Lopes and Dukler (1986)
and Fore et al. (2000), by the occurrence of transition roughness,
instead of full roughness, which was the basis of the Wallis corre-
lation. However, no fundamental proofs were given for this sugges-
tion. The other assumptions made in the Wallis correlation, i.e., the
range of the validity of the fit ðkS=D 6 0:03Þ and the relation be-
tween the sand-grain roughness kS and the mean film thickness d
are generally not questioned.

4. Experimental determination of the interfacial friction

For a vertical annular flow, the interfacial shear-stress si can be
derived from the momentum balance in the axial direction of the
droplet-laden gas core, without requiring a value for the
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Fig. 1. Comparison of the interfacial friction factor Cf ;i derived from our experi-
ments (solid dots) with the Wallis correlation (line) and with the modified Wallis
correlation as proposed by Fore et al. (2000) (open dots).
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sand-grain roughness. Consequently, the interfacial friction factor
~Cf ;i can be calculated.

The momentum balance in the axial direction of the gas core is
given by (see Fore and Dukler, 1995a):

� dP
dz
� aqG þ ð1� aÞqLð Þg � si

4
D� 2d

þ RACW � RDVDð Þ 4
D� 2d

¼ 0

ð6Þ

where �dP=dz is the pressure-gradient, a the void-fraction in the
gas core, d the mean film thickness, RA and RD the atomization
and deposition rates of droplets from and onto the film, respec-
tively, and VD the centerline velocity of the droplets. The first term
in Eq. (6) represents the driving force of the flow, the second term
the gravitational forces on the gas core, the third term the transfer
of momentum to the film, and the fourth term the advection of
momentum due to the atomization of slow-moving droplets from
the film and the deposition of fast-moving droplets back onto the
film.

In Eq. (6), the pressure-gradient �dP=dz, the film thickness d
and the wave velocity CW are obtained from our measurements,
which are presented in Belt (2007) and Belt et al. (2007, submit-
ted for publication) and which are summarized in Appendix A.
These measurements were performed in an air/water vertical
annular flow in a pipe of 0.05 m diameter, at atmospheric pressure.
The flow at the measurement location is assumed fully developed,
since the measurements were performed 130 pipe diameters
downstream the porous wall water inlet (in agreement with e.g.,
Wolf et al., 2001). Furthermore, we measured the mean axial pres-
sure-gradient between 80D and 140D and between 120D and
140D. The differences are smaller than the measurement error,
meaning that the annular flow is developed as far as the mean axial
pressure-gradient is concerned. The measurements were made in
the annular flow regime without flow reversal, i.e., above or at
the minimum of the pressure-gradient (see Zabaras et al., 1986).
The gas superficial velocity UGS covers a range between 22 and
42 m/s, while the liquid superficial velocity ULS is between 0.01
and 0.08 m/s (see Table 1). In our work, the void-fraction in the
gas core a, the atomization and deposition rates RA and RD, and
the centerline velocity of the droplets VD, were not measured
and must be estimated correctly.

For instance, RA, RD and VD must be estimated accurately, since
the loss of momentum due to entrainment and deposition of drop-
lets can account for approximately 20% of the pressure-gradient,
as shown in Fore and Dukler (1995a). First, we assume that our
annular flow is developed, therefore, RA and RD are equal, due to
continuity. The value of the deposition rate RD is obtained from
interpolation of the experimental results presented in Fore and
Dukler (1995a), who studied a vertical annular flow in conditions
similar to ours. The centerline velocity of the droplets VD is set in
our work equal to the gas bulk velocity UB, which is a good esti-
mate according to the data in Fore and Dukler (1995a,b) and Van’t
Westende et al. (2007). We note that changing VD from 0:8 � UB to
1:2 � UB does not change the overall picture presented below. The
Table 1
Gas and liquid superficial velocities, UGS and ULS , respectively, in our measurements.
Values for the superficial velocities are in m/s. ReGS and ReLS are the Reynolds numbers
based on the pipe diameter and the gas and liquid superficial velocity, respectively.
We note that the values of the gas superficial velocities can vary by a maximum of
0.3 m/s around the values in the table, at the different values of ULS .

UGS 21.9 26.2 31.0 36.4 42.1
ReGS 75� 103 89� 103 106� 103 124� 103 143� 103

ULS 9:6� 10�3 1:9� 10�2 4:0� 10�2 8:2� 10�2

ReLS 431 855 1805 3705
gravitational forces in the momentum balance are small compared
to the other terms, since they represent at maximum 3:5% of the
mean axial pressure-gradient. Therefore, the void-fraction in the
gas core a will not play a large role in the momentum balance.
Its value is obtained from interpolation of the data on entrainment
presented in Fore and Dukler (1995a).

The friction factor Cf ;i obtained from the momentum balance, as
defined in the previous section (similarly to Fore et al., 2000), is
shown in Fig. 1. It is shown together with the Wallis correlation
and the modified Wallis correlation proposed by Fore et al.
(2000), which is fitted to a large set of data on annular flow. From
Fig. 1, we can see that the interfacial friction factor Cf ;i derived from
our measurements agrees very well with the modified Wallis cor-
relation. The difference is less than 25%, which is the scatter be-
tween the modified Wallis correlation and the data sets used in
its fit. This suggests that our experimental data is in agreement
with the other data sets in the literature, and that our vertical
annular flow is correctly developed.

We can see that the Wallis correlation tends to under-predict
the interfacial friction factor Cf ;i for a large film thickness
ðd=D P 0:02Þ and to over-predict for a small film thickness
ðd=D 6 0:005Þ, in agreement with the findings in other works
(see, e.g., Fore et al., 2000). The difference can be explained partly
due to the fact that the correlation of Wallis (see Wallis, 1969) is
based on a fit of the interfacial friction factor calculated from the
total pressure-gradient, and not from the total pressure-gradient
reduced by the advection of momentum due to the droplets. The
mechanism of transfer of momentum by the advection of droplets
was proposed later by Lopes and Dukler (1986) and Fore and
Dukler (1995a), and it can be relatively important (i.e., it can equal
as much as 20% of the total pressure-gradient, see Fore and Dukler,
1995a). Therefore, the interfacial friction factor calculated from the
Wallis correlation tends to an over-prediction, as it is observed for
thin films. For thick films, the difference between the experimental
results and the Wallis correlation is explained in the next sections.

Furthermore, we see that the interfacial shear-stress can be de-
scribed by a function of the film thickness d only, although the
experimental results are obtained from experiments conducted
at different gas bulk velocities. Since the roughness height of the
film is a function of the mean film thickness d, as we will see below,
the interfacial friction factor can be described with a characteriza-
tion of the roughness only. This suggests that the roughness is in
the fully rough regime, and the Reynolds number of the gas flow
is not a parameter of the problem. Consequently, the Reynolds
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number should not be included in the correlation of the interfacial
friction factor.

Another problem with the Wallis correlation is that it is based on
a linear fit of the friction factor for turbulent flow in fully rough pipes
(Eq. (3)), and on the assumption that the sand-grain roughness is
equal to four times the mean film thickness. In Fig. 2, we compare
the actual friction factor for fully rough pipes (Eq. (3)) with the linear
fit used in the Wallis correlation, i.e., with kS ¼ 4 � d, for the range of
sand-grain roughness found in the experiments (given below).
Obviously, the friction factor based on the Wallis correlation can
produce a correct estimation for kS=D K 0:025, but over-predicts
by up to a factor of two the actual friction factor for a large part of
the range of sand-grain roughness found in our experiments.

Based on these results, to extend the Wallis correlation, we pro-
pose to use the existing correlations for roughness in single-phase
turbulent pipe flows, which are valid over a large range of sand-
grain roughness, and to use a more accurate estimate of the
sand-grain roughness kS. This is developed in the next section.

5. Correlation for the sand-grain roughness and interfacial
friction factor

The correlations of the friction factor in rough pipes are, among
others, a function of the sand-grain roughness kS, which character-
izes the drag due to the roughness elements. However, before the
sand-grain roughness can be used in predictions, it must be related
to the surface geometry (see Jimenez, 2004).

From the experimental values of the interfacial shear-stress si,
the corresponding sand-grain roughness kS can be computed using
a standard relation for the friction factor. Here, we use the general-
ized Churchill correlation (see Churchill, 1977):

~Cf ;i ¼
8

ReB

� �12

þ 1

c1 þ c2ð Þ3=2

 !1=12

ð7Þ

c1 ¼ 2:457 � ln 7
ReB

� �0:9

þ 0:27
kS

D� 2d

 ! !16

ð8Þ

c2 ¼
37530

ReB

� �16

ð9Þ

where ReB is the bulk Reynolds number, based on the relative mean
gas velocity in the gas core UB � Ui (with Ui taken equal to the roll
wave velocity CW , since the roll waves are assumed to have the larg-
est contribution to the interfacial friction) and on the gas core diam-
eter D� 2d. We note that the generalized Churchill correlation is
valid for the K-type of roughness, i.e., the ‘‘normal rough surfaces”,
for which the sand-grain roughness kS becomes proportional to the
dimensions of the roughness elements in the limit of very-large
roughness (when viscous effects become negligible). We note that
the generalized Churchill correlation is also valid in the transition
regime.

The computed sand-grain roughness is shown in Fig. 3, in
wall units (i.e., normalized by the friction velocity
us;i ¼ ðsi=qGÞ

0:5 and the gas kinematic viscosity mG), as a function
of the film thickness d. Fig. 3 shows that, for the majority of the
measurements, kþS is larger than 70–100 wall units, which repre-
sents the limit above which the roughness is in the fully rough
regime. In the experiments of Fore and Dukler (1995a), we also
estimated the value of kþS , using their measured film thickness,
the correlation of the interfacial friction factor developed by Fore
et al. (2000), which is partially based on the Fore and Dukler
(1995a) data set, and a sand-grain roughness equal to four times
the mean film thickness (which is an underestimation of the ac-
tual sand-grain roughness, as we will see below). In their exper-
iments, also, the sand-grain roughness is larger than 100 wall
units. This suggests that the roughness in the majority of the
experiments is in the fully rough regime. Therefore, the error
in the prediction of the interfacial friction factor with the origi-
nal Wallis correlation has probably more to do with the shape of
the fit used by Wallis than with transition roughness, as sug-
gested by Lopes and Dukler (1986) and Fore et al. (2000). Conse-
quently, the correction of the Wallis correlation should not
include a gas Reynolds number dependence, since such a correc-
tion could completely fail when used for rather different situa-
tions (e.g., different pipe diameters or different fluids).

For K-roughness in the fully rough regime, the sand-grain
roughness kS should become proportional to the dimensions of
the roughness elements. Therefore, in Fig. 4, we show the sand-
grain roughness kS (in outer units, i.e., normalized by the pipe
diameter) as a function of the standard deviation of the film thick-
ness rmsðdÞ, which is a global measure of the film roughness. We
can see that, indeed, kS is a function of rmsðdÞ only, with experi-
ments done at different gas and liquid superficial velocities UGS

and ULS. Fig. 4 also shows that the range of kS=D in the experiments
is significantly larger than 0:025, which is approximately the limit
up to which the Wallis correlation is a correct fit of the actual
friction.
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Assuming that the roughness is mostly due to the roll waves,
the size of the roughness elements is mainly characterized by the
roll-wave height hW . Then, applying the approach of Schlichting
(1936) and Jimenez (2004) to annular flow, the ratio kS=hW should
be a function of the roughness density, quantified by the solidity k
(which is equal to the frontal roughness area, perpendicular to the
mean flow direction, per unit of interface area projected on the
plane parallel to the mean flow direction). In our experiments,
the solidity k is defined by:

k ¼ Nf

CW
� hW ð10Þ

where Nf is the mean frequency of the roll waves. In Fig. 5, we show
the ratio kS=hW as a function of the solidity k. We can see that, for
k P 0:002, the ratio kS=hW is proportional to the solidity k. This is
consistent with the results on K-roughness in single-phase turbu-
lent pipe flows, which are presented in Jimenez (2004) and reported
in Fig. 5. In a sparse regime, where the roughness elements do not
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linear dependence between the x and y axes. The solid dots correspond to our
measurements, with the velocities near the dots indicating the values of the gas
superficial velocity UGS . The open dots corresponds to measurements of Schlichting
on ‘‘real roughness” elements, presented by Jimenez (2004).
shelter each other, the drag due to the roughness elements should
be proportional to the frontal roughness area, therefore, kS=hW

should be proportional to the solidity k, in the fully rough regime.
In Fig. 5, we also see that, for a few points for which k 6 0:002,
the ratio kS=hW becomes a very-weak function of k. For these data
points, kþS is close to the range of 70–100 wall units, therefore, the
liquid film can be in the transition regime. These data points corre-
spond also to the lowest superficial liquid velocity ULS, for which the
frequency of the waves is very low (approximately 2–3 Hz). There-
fore, in between the large waves, the viscous cycle of turbulence
close to the interface may not be completely disrupted, leading to
the occurrence of transition roughness.

In the fully rough regime, the use of the solidity k can give a ro-
bust modeling of the sand-grain roughness kS, since it is propor-
tional to the height of the roll waves, with the solidity as
proportionality constant. We note that, strictly, this proportional-
ity holds only for the fully rough regime. In the transition regime,
the function kS=hW might depend on other parameters than only k.
Hence, at the moment the sand-grain roughness can be computed
accurately with the solidity only in the fully rough regime. For
most of our experimental conditions, which are similar to others
in the literature, the interface is in the fully rough regime. It would
be interesting to apply these ideas to annular flows with other flu-
ids and pipe diameters, and to check whether the interface in these
annular flows is also, for most conditions, in the fully rough regime.

In our experiments, the lowest gas Reynolds number is 75,000.
It could be argued that transition roughness will occur for lower
Reynolds numbers (smaller pipes), since in that case the physical
height of the inner layer will be larger, and possibly larger than
the roll-wave height. However, the interaction between the film
and the gas core complicates this reasoning. Indeed, Fig. 3 shows
that in our experiments the sand-grain roughness is further away
from the transition regime for the lower gas superficial velocities
(lower gas Reynolds numbers) and for the higher liquid superficial
velocities. This can be understood if one realizes that for higher gas
superficial velocities the velocity of the interface is larger, there-
fore, for the same liquid superficial velocity, the film becomes thin-
ner. Moreover, at high gas superficial velocities, the entrainment of
liquid in the gas core becomes larger, which tends to decrease the
film thickness further. The behavior with the liquid superficial
velocity is straightforward, since for high liquid superficial veloci-
ties the film is likely to be thicker, thus the top of the roll waves is
more likely to be in the outer layer. As a result, in our case, the
transition regime could be obtained for gas Reynolds numbers lar-
ger than those in our experiments, and liquid mass flow rates smal-
ler than those in our experiments. Note that, after the prediction of
the sand-grain roughness with the solidity, it can be verified
whether the interface is fully rough, i.e., whether the predicted
sand-grain roughness is larger than 70–100 wall units.

6. Pragmatic correlation for the interfacial friction factor

In practice, the behavior of the wave-frequency Nf is not well-
known, therefore, the solidity cannot be easily predicted at the mo-
ment. In this section, we propose an easier to use pragmatic corre-
lation for the interfacial friction factor.

In Fig. 4, we showed that the sand-grain roughness kS is a func-
tion of the standard deviation of the film thickness rmsðdÞ only.
Furthermore, in Fig. 6, we can see that the rmsðdÞ has a linear
dependence on the mean film thickness d. The reason for this linear
dependence is not understood at the moment by the authors. How-
ever, from a pragmatic point of view, a correlation must then exist
between the sand-grain roughness kS and the mean film thickness
d, which is shown in Fig. 7, and which could be well-fitted by a
power law. Therefore, the interfacial friction factor ~Cf can be de-
scribed by a function of the mean film thickness d only (see
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Fig. 8). From Fig. 8, we can see that, over the range of film thick-
nesses considered in our vertical annular flow, a linear dependence
exists between the interfacial friction factor ~Cf ;i and the mean film
thickness d:

~Cf ;i ¼ 1:158 � d=Dþ 3:413� 10�4 ð11Þ

We note that this equation was obtained from the experimental
data using the momentum balance of the droplet-laden gas core
(i.e., no correlation for the interfacial friction factor was used),
and is only valid for the range of film thickness in our water/air
experiments (i.e., in the fully rough regime).

This linearity, which is also observed in the Wallis correlation,
can be partly explained: for the range of sand-grain roughness kS

observed in the experiments, the friction factor for fully rough
pipes can be very-well approximated by a linear relationship with
the sand-grain roughness kS (see Fig. 2). The departure from linear-
ity is only observed for very-small sand-grain roughness kS, i.e., for
kS=D K 0:02. Furthermore, as shown in Fig. 7, the sand-grain rough-
ness kS behaves linearly with the mean film thickness d for
kS=D J 0:02 (corresponding to d=D J 0:005Þ. This is due to the fully
rough regime, since in this regime the sand-grain roughness is pro-
portional to the roll-wave height, which, in turn, is approximately
equal to four times the mean film thickness. Then, considering both
results, for kS=D J 0:02, a linear dependence must exist between
the interfacial friction factor ~Cf ;i and the mean film thickness d. Fur-
thermore, for kS=D K 0:02, the deviations from linearity are in the
opposite direction between: (i) kS and ~Cf ;i, and (ii) kS and d, such
that the relationship between ~Cf ;i and d is still roughly linear.

We note that Eq. (11) results from the proportionality between
the sand-grain roughness and the height of the roll waves in the
fully rough regime, with the solidity as proportionality constant.
Hence, the constants of the equation implicitly contain the solidity
of our experiments. In other words, the equation contains the ratio
of the roll-wave height and the frequency with the mean film
thickness of our experiments. These ratios could be different for
other fluids than air/water.

7. Validation of the sand-grain roughness

The values of the sand-grain roughness kS found in the preced-
ing sections are larger than the wave height, or larger than four
times the film thickness d, the value suggested by Wallis (1969).
To support the magnitude of the sand-grain roughness kS found
with the friction correlation of Churchill, we can determine kS from
the profiles of the mean axial gas velocity using Eq. (1). Profiles of
the mean axial velocity in vertical annular flow are shown in Van’t
Westende et al. (2007) for a superficial gas velocity UGS of 21 m/s
and superficial liquid velocities ULS of 0.01, 0.02 and 0.04 m/s,
which are roughly the same conditions as some results presented
here.

The measured profiles of the mean axial velocity UðyÞ are shown
in Fig. 9. We can see that UðyÞ shows a logarithmic behavior. This
supports the suggestion that the velocity behaves as in a turbulent
flow over a rough wall, and that the use of Eqs. (1)–(3) is justified.
We note that the mean axial velocity in Fig. 9 is not normalized by
the friction velocity us, which explains the different logarithmic
slopes in the profiles for different conditions. Nevertheless, we
can use Eq. (1) to determine the friction velocity us from the loga-
rithmic slope (using a von Karman constant j equal to 0.41), and,
afterwards, the sand-grain roughness kS from the log-law intercept
(using the value 8.5 for the constant B0Þ.

The sand-grain roughness kS and the friction velocity us result-
ing from the profiles of the mean axial gas velocity are compared in
Table 2 with kS obtained from the Churchill friction correlation and
us ¼ ðsi=qGÞ

0:5 determined in the experiments (in which the inter-
facial shear-stress si is set here equal to �dP=dz � D=4, with
�dP=dz being the measured mean axial pressure-gradient). Con-



Table 2
Comparison of the values of the sand-grain roughness kS and the friction velocity us

obtained by the Churchill friction factor and by the profile of the mean axial gas
velocity, for a superficial gas velocity UGS roughly equal to 21–22 m/s.

Friction factor Velocity profile

ULS ðm=sÞ us (m/s) kS=D kS=d us (m/s) kS=D kS=d

0.01 1.97 0.036 4.40 2.00 0.030 5.45
0.02 2.24 0.063 5.25 2.09 0.045 7.39
0.04 2.65 0.114 10.25 2.46 0.115 10.04
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sidering the uncertainties in the measurement of the pressure-
gradient and in the mean axial velocity profiles (which are
assumed to be equal to the velocity profiles of the smallest
measurable droplets of roughly 20 lm, see Van’t Westende et
al. (2007)), we can conclude from Table 2 that the sand-grain
roughness kS and the friction velocity us obtained by both
approaches are in reasonable agreement. It is also clear from
Table 2 that the sand-grain roughness kS obtained from the
mean axial velocity profile is not equal to four times the mean
film thickness, and that kS is not necessarily equal to the rough-
ness height (roll-wave height).

8. Conclusions

In vertical annular flow, the interfacial friction is often calcu-
lated using the Wallis correlation (see Wallis, 1969) or slight mod-
ifications to it (see, e.g., Fore et al., 2000). The Wallis correlation
shows an analogy to the friction for single-phase turbulent flows
in rough pipes. Indeed, when it is assumed that the sand-grain
roughness is equal to four times the mean film thickness, the Wal-
lis correlation corresponds to a linear fit of the friction factor for
fully rough pipes for a small range of roughness. In the literature,
improvements of the Wallis correlation have been proposed in or-
der to better fit the experimental results over a larger range of ver-
tical annular flow conditions. The modifications consist mainly of
the incorporation of a gas Reynolds number, and have been ex-
plained by the existence of transition roughness, instead of full
roughness. However, a physical justification for this has not been
given.

In this work, the interfacial friction in vertical annular flow
without flow reversal is investigated using experimental data.
Our results show that, indeed, for a range of conditions which is
similar to other works, the interfacial friction can be described
by the roughness theory for single-phase turbulent flows in rough
pipes.

Instead of using a ‘‘curve fit”, we applied the formulation of the
friction factor for single-phase turbulent flows in rough pipes (for
example, the Churchill relation) to vertical annular flow without
flow reversal. In this formulation, the friction is a function of the
sand-grain roughness kS, which is a characteristic length scale of
the roughness effects, and which must be related to the dimen-
sions of the roughness elements k (in our case the height of the roll
waves). Our results show that, in the fully rough regime, the sand-
grain roughness is proportional (but not necessarily equal) to the
height of the roll waves. The proportionality constant can be pre-
dicted accurately using the roughness density, or ‘‘solidity” (see
Schlichting, 1936; Jimenez, 2004). Moreover, the proportionality
constant in vertical annular flow is in good agreement with that
for single-phase turbulent flows in rough pipes. We also calculated
the sand-grain roughness from the axial velocity profile in the gas
core. The mean gas axial velocity profile shows a logarithmic
behavior, similar to that in single-phase turbulent flows in rough
pipes, and provides a sand-grain roughness in good agreement
with that found using the Churchill relation and the solidity. We
note that the proportionality between the sand-grain roughness
and the roll-wave height, with the solidity as proportionality con-
stant, holds, strictly, only for the fully rough regime. For most of
our experimental conditions, which are similar to others in the lit-
erature, the interface is in the fully rough regime. It would be inter-
esting to apply these ideas to annular flows with other fluids and
pipe diameters, and to check whether the interface in these annu-
lar flows is also, for most conditions, in the fully rough regime
(note that, after the prediction of the sand-grain roughness using
the solidity, it can be verified whether the interface is fully rough,
i.e., whether the predicted sand-grain roughness is larger than
70–100 wall units). As a future work, it would be interesting to ver-
ify our ideas on annular flows with other fluids or pipe diameters,
however, we emphasize that in order to do this we need to know
many parameters: the mean axial pressure-gradient, the atomiza-
tion rate, the mean film thickness, the void-fraction in the gas core,
and the velocity, height and frequency of the roll waves.

Our results show that the interface of our vertical annular flow
is in the fully rough regime. Therefore, the interfacial friction can
be described by the dimensions of the roll waves only, and the
gas Reynolds number should not be included. However, the modi-
fications of the Wallis correlation often contain the gas Reynolds
number. Therefore, we wonder whether such a correction is appro-
priate. The original Wallis correlation is based on the fully rough
regime, although it predicts values for the interfacial friction
slightly different from the experimental ones in the limit of thin
and thick films. We showed that the differences obtained with
the Wallis correlation can be explained by: (i) a too small region
where its fit to the friction factor for fully rough pipes is valid,
(ii) a sand-grain roughness different from four times the mean film
thickness, (iii) the neglect of the interfacial velocity in the defini-
tion of the interfacial friction factor, and (iv) a fit based on uncor-
rect interfacial shear-stress data, since the data used by Wallis
(1969) were not corrected for the advection of momentum due
to the droplets (and which is not negligible, see Fore and Dukler
(1995a) or Lopes and Dukler (1986)).

In practice, the roughness density cannot be easily predicted,
since it involves quantities such as the frequency and the height
of the roll waves. Therefore, the prediction of the interfacial friction
using the solidity requires more knowledge on the stability, forma-
tion and dynamics of the roll waves. We also propose, like Wallis
(1969), a straightforward relation, found experimentally, between
the interfacial friction factor and the mean film thickness, for the
fully rough regime. This pragmatic relation results from the simple
relations between the interfacial friction factor, the sand-grain
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roughness, the characteristic height of the waves and the mean
film thickness. In particular, it is based on the linear relationship
between the sand-grain roughness and the height of the roll waves
in the fully rough regime, with the solidity as proportionality con-
stant. We note that the constants in this pragmatic relation implic-
itly contain the solidity of our experiments in air/water. In other
words, the relation contains the ratio of the roll-wave height and
the frequency with the mean film thickness, which could be differ-
ent for other fluids.

Appendix A. Vertical annular flow data

The interfacial friction is determined from our experiments in
an air/water vertical annular flow at atmospheric pressure in a pipe
of 0.05 m diameter and 12 m length. The experimental set-up, the
measurement techniques and the statistical properties of the film,
especially of the roll waves, are presented in Belt (2007) and Belt
et al. (submitted for publication). Below, we summarize the main
results, which are used here for the determination of the interfacial
friction, together with the film thickness measurement technique.

The film thickness is measured 6.5 m ð130DÞ downstream the
water inlet, leaving sufficient distance for the liquid film to devel-
op. The film thickness measurement technique is based on the
instantaneous conductance of the liquid film, which is a function
of the instantaneous film thickness. Such a technique has been
widely used in the literature (see, e.g., Asali et al., 1985; Zabaras
et al., 1986; Fore and Dukler, 1995a). The film thickness sensor
consists of 10 measurement locations in the axial direction times
32 measurement locations in the circumferential direction, giving
in total 320 measurement locations, and therefore a spatial recon-
struction of the film. The time resolution is 5000 Hz for each mea-
surement location, i.e., much higher than the phenomena observed
in annular flow. The film thickness sensor is non-intrusive: the
conductance at one position is measured between two electrodes
flush with the wall. The separation distance between two adjacent
electrodes is 6� 10�3 m in the axial direction. This separation dis-
tance dictates the maximum film thickness which can be measured
with this sensor, and is equal to about 3:5� 10�3 m. Finally, the
accuracy (twice the standard deviation) of the film thickness ob-
tained with this sensor is about 12% of the film thickness.

The mean axial pressure-gradient in the vertical annular flow is
measured using a manometer between 4 m ð80DÞ and 7 m ð140DÞ
downstream of the water inlet. The values are shown in Fig. 10. The
measurement of the mean axial pressure-gradient between 120D
and 140D gives the same values, indicating that the vertical annu-
lar flow is developed as far as the mean axial pressure-gradient is
concerned. In this study, we consider the results in the annular
flow regime without flow reversal, i.e., the gas superficial velocities
are higher or equal to that at the minimum of the mean axial pres-
sure-gradient shown in Fig. 10. The gas superficial velocity UGS is in
between 22 and 42 m/s, while the liquid superficial velocity ULS is
in between 0.01 and 0.08 m/s (see Table 1).

The results for the mean film thickness d and the wave velocity
CW are shown in Figs. 11 and 12. As expected from the mass and
momentum balances, the mean film thickness d increases with
the liquid superficial velocity ULS, and decreases with the gas
superficial velocity UGS. The interfacial velocity CW in Fig. 12 is cal-
culated using the cross-correlation between the time-signals mea-
sured at one reference axial location and at all other axial locations,
for the same circumferential position. It was verified that the wave
velocity CW was constant over the length of the sensor and that no
dispersion in the roll waves occurred. The measured interfacial
velocity CW corresponds to the characteristic velocity of the roll
waves when they exist on the interface, i.e., for all liquid superficial
velocities ULS except the lowest one. At the lowest ULS, the
Reynolds number ReLS is smaller than the critical one Recrit

LS , below
which roll waves do not occur (see Azzopardi, 1997). For the study
here, the data for which ReLS is lower than the critical value are not
considered. Fig. 12 shows that the interfacial velocity CW tends to
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an asymptotic value when the liquid superficial velocity ULS in-
creases, i.e., when the mean film thickness d increases. In between
the two lowest liquid superficial velocities ULS, the interfacial
velocity CW decreases sharply. This can possibly be explained by
a velocity of the roll waves larger than that of the base film, and
by the absence of roll waves for the lowest superficial velocity.
The interfacial velocity CW increases quite linearly with the super-
ficial gas velocity UGS.
For the roll waves, a robust procedure is needed for their iden-
tification in the signal, in order to obtain unbiased statistics. The
procedure is described in detail in Belt (2007). It was verified in
the experiments that the distribution of the roll waves in space
is random (see Belt, 2007; Belt et al., 2007, submitted for publica-
tion), which makes the theory for K-type of roughness valid. For
the determination of the solidity k, we need the height hW , the fre-
quency Nf and the velocity CW of the roll waves. The velocity CW

and height hW are shown in Figs. 12 and 13, respectively. The fre-
quency of the roll waves is shown in Fig. 14. It was obtained by
counting the roll waves in the time signal, and agrees well with
the spectral information of the time signal.
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